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Abstract We present a theory which explains how to achieve an enhancement of 
nonlinear effects in a thin layer of nonlinear medium by involving a planar peri-
odic structure specially designed to bear a trapped-mode resonant regime. In par-
ticular, the possibility of a nonlinear thin metamaterial to produce the bistable re-
sponse at a relatively low input intensity due to a large quality factor of the 
trapped-mode resonance is shown. Also a simple design of an all-dielectric low-
loss silicon-based planar metamaterial which can provide an extremely sharp re-
sonant reflection and transmission is proposed. The designed metamaterial is envi-
sioned for aggregating with a pumped active medium to achieve an enhancement 
of quantum dots luminescence and to produce an all-dielectric analog of a ‘lasing 
spaser’. 
Keywords: metamaterial, trapped-mode, nonlinear optics, bistability, lumines-
cence 
1.1 Introduction 
One of the current trends in the theory of metamaterials is the development of 
two-dimensional planar periodic systems (metasurfaces, metamaterials) con-
structed in the form of arrays of resonant metallic or dielectric particles, which are 
arranged periodically on a thin (compared with the wavelength) dielectric layer. It 
is known that such planar metamaterials can create an environment whose elec-
tromagnetic characteristics are similar to those achieved in the traditional cavity 
resonators, but, unlike the latter, planar structures can have a much smaller size.  
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The metamaterial optical properties significantly depend on the resonant fea-
tures of its constituent particles. It turns out that the particles with a special form 
of symmetric split rings or squares exhibit resonant properties, which result in a 
sudden change in the effective parameters of the metamaterial in a certain fre-
quency band [1, 2]. Such resonances have quasi-static nature, since the size of the 
unit cell of the metamaterial is small. Thus, the particles can be seen as an oscilla-
tory circuit, which has its eigen frequency and quality factor. Unfortunately, the 
presence of large radiation losses which appear due to the strong electromagnetic 
coupling of the system to free space, and a relatively small size (compared with 
the wavelength) of particles do not allow to reach the high-Q resonances in con-
ventional planar metamaterials. 
Nevertheless there is a possibility to achieve strong electromagnetic field con-
finement and localization in planar metamaterials which support a trapped-mode 
resonant regime [3, 4]. These resonances exist in two-dimensional planar periodic 
metamaterials with complex doubly or multi-connected metallic or dielectric par-
ticles, which have a low degree of asymmetry. In the near-infrared band it was 
shown theoretically [5] and confirmed experimentally [6] that introducing two 
slightly asymmetric metallic elements into the periodic cell can lead to the anti-
phase current trapped-mode excitation. In this case the electromagnetic coupling 
of conductive elements with free space is very weak, which provides low radiation 
losses and, therefore, high Q-factor resonances. 
Such strong field localization in the mentioned metamaterials opens prospects 
for their application in laser and nonlinear optics. Thus, in [7, 8], the idea of using 
resonant enhancement of the electromagnetic field which is strongly localized on 
the surface of metallic nanoparticles is proposed to create nanoscale devices, in 
order to amplify or generate radiation in the visible and infrared bands. Further, in 
the development of this idea, a compact planar periodic structure is considered [9]. 
The proposed system provides strong field localization due to the trapped-mode 
excitation and acts like a conventional laser cavity. 
In the present days, the theory of nonlinear metamaterials is actively develop-
ing [10-13] in the fields of controlling light with light [14], and parametric conver-
sion of optical harmonics [15]. Here a particular interest is to study the peculiari-
ties of intense light interaction with planar structures which sustain the trapped-
mode resonant regime, and contain nonlinear components. In our opinion, strong 
field localization, which can be achieved in such structures, opens wide prospects 
for their application in the area of nonlinear optics. 
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1.2 Planar Metamaterials with Metallic Particles 
1.2.1 Trapped-Modes: Concept  
Let us assume an electromagnetic plane wave 
exp[ ( )]i iE P j k r= − ⋅GG G G  (1) 
incidents on a doubly periodic planar 
array of identical particles with a com-
plex shape which are placed on a thin 
dielectric substrate. In (1) P
G
 is the po-
larization vector. Throughout this chap-
ter the time dependence is assumed to 
be exp( )j tω . The reflected and trans-
mitted fields can be represented as a 
superposition of partial waves 
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where ( 2 ) ( 2 )i imn x x x y y ye k n d e k n dχ π π= + + +G G G , dx and dy are the periods of the 
array, x ye x e yρ = +G G G , 2 2( ) kγ χ χ= −G , and Re 0γ ≥ , Im 0γ ≤ . 
Let us note that the propagation direction of any spatial partial wave in the re-
flected (2) and transmitted (3) fields depends only on directions of periodicity in 
the plane of array, sizes of its periods, the direction of initial plane wave inci-
dence, and the wavelength. If a plane wave is incident on the double periodic ar-
ray, the defined set of spatial partial waves is formed in space. As it can be easily 
derived, the propagation directions of spatial partial waves in this set do not 
change if the initial plane wave is incident upon the same array at any other direc-
tion provided that this direction coincides with the propagation direction of any 
spatial partial wave in the set. 
Fig. 1. Fragment of the planar metamate-
rial and its elementary unit cells. 
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The method of moments is generally used to solve the problem of electromag-
netic scattering by arrays of metallic particles [16]. In the framework of this me-
thod it is implied that the metallic pattern is a very thin conductor. The method al-
so takes into account the fact that the array is placed on a thin lossy dielectric 
substrate. By enforcing the impedance boundary condition 
tan 0
,s szE Z J= =
G G
 (4) 
a vector integral equation is derived which is related to the current induced on a 
particular particle (here Zs represents the surface impedance of this particular par-
ticle). The integral equation is reduced to an algebraic one by using the standard 
spectral-Galerkin technique. So, using the method of moments allows us to deter-
mine both the distribution and magnitude of the current J which flows along the 
metallic particles and further to calculate the reflection r and transmission t coeffi-
cients.  
As a result of calculations of the current distribution and optical response of 
planar metamaterials with particles of different shape it is revealed that if these 
particles possess specific structural asymmetry, in a certain frequency band, the 
antiphase current oscillations with almost the same amplitudes appear on the par-
ticles parts (arcs). The scattered electromagnetic field produced by such current 
oscillations is very weak, which drastically reduces its coupling to free space and 
therefore radiation losses. Indeed, both the electric and magnetic dipole radiations 
of currents oscillating in the arcs of the neighbor particles are cancelled. As a con-
sequence, the strength of the induced current can reach very high value and there-
fore ensure a high-Q resonant optical response. Such a resonant regime is referred 
to so-called ‘trapped-modes’, since this term is traditionally used in describing 
electromagnetic modes which are weakly coupled to free space. 
The most remarkable property of the trapped-modes is that they allow in prin-
ciple to achieve high-Q resonances in a very thin structure. The trapped-modes are 
normally inaccessible in the systems with particles of a symmetrical form, but can 
be excited if these particles have a certain structural asymmetry that allows reach-
ing weak coupling to free space. Nevertheless, in the arrays with symmetric con-
figuration of particles the excitation of the trapped-modes is also possible if the 
shape of these particles is specially designed. It is important that in the latter case 
the system can become polarization-insensitive.  
Further we consider two particular configurations of metallic particles with 
asymmetric [4] and symmetric [17] designs which can support the trapped-mode 
excitation (see Fig. 1). In the first case, the unit cell consists of metallic particles 
in the form of asymmetrically split rings (ASRs). Each ASR contains two identical 
strip elements positioned opposite each other. The right-hand split between the 
strips ϕ1 is a little different from the left-hand one ϕ2, so that the square unit cell is 
asymmetric with regard to the y-axis. In the second case, the unit cell of the stud-
ied metamaterial contains a single double-ring (DR). The radii of the outer and in-
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ner rings are fixed at a1 and a2, respectively. Suppose the width of the metal rings 
in both configurations is 2w, and the arrays are placed on a thin dielectric substrate 
with thickness h and permittivity ε. We consider a normal incidence on the struc-
ture of a linearly polarized monochromatic plane wave with an amplitude A and 
frequency ω. Assume that the direction of the vector EG  of the incident wave coin-
cides with the direction of the y-axis. 
In the case of such a polarization of the incident field, in the structure of the 
first type, the trapped-mode excitation can be reached. Due to the 4-fold symmetry 
of the unit cell of the structure of the second type, its resonant properties do not 
depend on the direction of the vector E
G
 of the normally incident wave, i.e., as it 
was mentioned before, the second configuration is polarization-insensitive. 
Fig. 2. Frequency dependences (æ = d /λ) of magnitudes of the transmission coefficient and 
squared average current (in a.u.) of the metamaterial with (a, c) ASR and (b, d) DR particles; 
(a, c) d = dx = dy = 900 nm, ϕ1 = 150, ϕ2 = 250; (b, d) d = dx = dy = 800 nm, . 
Typical frequency dependences of the transmission coefficient and current 
magnitudes calculated with the method of moments for ASR and DR structures 
are presented in Fig. 2. One can see that at the dimensionless frequency nearly 
æ = d /λ ≈ 0.3, a sharp resonance occurs in the structures of both types (see the 
shaded areas in Fig. 2). This resonance corresponds to the excitation of a trapped-
mode because equal and opposite directed currents in the two arcs of each com-
plex particle of array radiate a little in free space. The resonance has a high-Q fac-
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tor, and the current magnitude reaches its maximum exactly at this frequency. 
Remarkably, as the permittivity of the substrate increases, the resonant frequency 
shifts down to low values (Fig. 2a). Also as the value of ohmic losses in the me-
tamaterial substrate increases, the magnitude of current and quality factor of the 
resonance decrease (Fig. 2b) but, nevertheless, the resonance remains to be well 
observed. We expect that such a high-Q resonant regime is promised to enhance 
some nonlinear effects, since at the frequency of trapped-mode excitation the field 
is strongly localized inside the system. 
1.2.2 Inner Field Intensity Estimation 
In order to understand the ability of the proposed structures to enhance some non-
linear effects, it is required to estimate the intensity of the inner field which is lo-
calized within the system. The special geometry of the metamaterial with symmet-
rical DR allows us to obtain an analytical expression for this demand [12, 13]. So, 
at the trapped-mode resonance, the electromagnetic energy is confined to a very 
small region between the rings. Therefore, the approximation based on the trans-
mission line theory is used here to estimate the field intensity between the rings. 
According to this theory, conductive rings are considered as two wires with a dis-
tance b between them. Along these wires the currents flow in opposite directions. 
Thus the electric field strength is defined as  
,inE V b=  (5) 
where V = Z J is the line voltage, b = a1 – a2 – 2w, J is the magnitude of current 
which flows along the DR-element, and Z is the impedance of line. The imped-
ance is determined at the resonant dimensionless frequency æ0 0d λ= , 
Z = æ0
0
60l
dC
, (6) 
where 1 2( ) 2l a aπ= + , and 
2
0
1 ln 1
4 2 2
p pC
w w
⎡ ⎤⎛ ⎞⎢ ⎥= + −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
, (7) 
is the capacity in free space per unit length of line, p = a1 – a2. From this model it 
follows that the electric field strength between the rings is directly proportional to 
the current magnitude J. Since the unit cell is small in comparison with the wave-
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length, the current magnitude J can be substituted with its value averaged along 
the metallic ring, J . From our estimations it can be concluded that the intensity 
of the incident field ( )inI J  which is enough for the nonlinearity to become appar-
ent is about 10 kW/cm2. 
1.2.3 Optical Bistability and All-Optical Switching 
The effect of optical bistability (or, generally, multistability) is a basis of numer-
ous applications such as all-optical switching, differential amplification, unidirec-
tional transmission, power limiting, pulse shaping, optical digital data processing, 
and others [14, 18]. A classical example of the bistable device is a Fabry-Perot in-
terferometer filled with a Kerr-type nonlinear material. In this case, the resonator 
provides feedback, which is essential to obtain a multivalued intensity at the struc-
ture’s output. However, in such a system, both relatively strong light power and/or 
large enough volume of the nonlinear optical material are generally needed to 
achieve a sizeable nonlinear response. 
A promising way to realize an optical switching in compact devices can be 
found in using planar metamaterials. In particular, at the trapped-mode resonance 
the electromagnetic energy is confined to a limited extent around the particles, 
where the energy density reaches substantially high values. This makes the re-
sponse of the metamaterial operating in the trapped-mode regime extremely sensi-
tive to the dielectric properties of the substrate.  
If a metamaterial is under an action of intense light (i.e. in the nonlinear re-
gime), the substrate permittivity ε  becomes to be depended on the value of the 
average current J  ( 1 2 ( )inI Jε ε ε= + ). Thus, the appropriate average current 
magnitude for a given ε  can be found using the next nonlinear equation 
( , ( ( )))inJJ AF I Jω ε=  , (8) 
where A  is a dimensionless coefficient which depicts how many times the inci-
dent field magnitude A is greater than 1 V/cm. Thus, the magnitude A is a parame-
ter of equation (8), and, at a fixed frequency ω, the solution of this equation is the 
average current magnitude J  which is depended on the magnitude of the incident 
field ( ( )J J A= ). Further, on the basis of the current ( )J A  found by a numerical 
solution of equation (8), the permittivity of the nonlinear substrate ( ( ))inI Jε ε=  
is obtained and the reflection and transmission coefficients are calculated as func-
tions of the frequency and magnitude of the incident field. 
If the structure substrate is made of a Kerr-type nonlinear material, the curves 
of the average current magnitude versus incident field magnitude have a form of 
S-like hysteresis loops (Fig. 3a) [10]. Such a form of the input-output characteris-
8  
tic of the studied metamaterial is inherent to the most optical bistable devices. The 
presence of hysteresis results in abrupt switching between two distinct states with 
small and large levels of transmission nearly the frequency of the trapped-mode 
excitation (Fig. 3b). 
 
Fig. 3. The square of (a) the current magnitude (in a.u.) averaged along split ring and (b) the 
magnitude of the transmission coefficient versus the incident field magnitude in the case of the 
ASR nonlinear metamaterial ( 1 4 0.02iε = + , 32 5 10ε −= ×  cm2/kW). The arrows indicate a bist-
able switching between two distinct levels of transmission. All other parameters are the same as 
in Fig. 2. 
The origin of such a bistable response can be explained as follows. Suppose 
that the trapped-mode resonant frequency is slightly higher than the incident field 
frequency. As the intensity of the incident field rises, the magnitude of currents on 
the metallic particles increases. This leads to increasing the field strength inside 
the substrate and its permittivity as well. As a result, the frequency of the resonant 
mode decreases and shifts toward the frequency of incident wave, which, in turn, 
enhances further the coupling between the current modes and the inner field inten-
sity in the nonlinear substrate. This positive feedback increases the slope of the 
rising edge of the transmission spectrum, as compared to the linear case. As the 
frequency extends beyond the resonant mode frequency, the inner field magnitude 
in the substrate decreases and the permittivity goes back towards its linear level, 
and this negative feedback keeps the resonant frequency close to the incident field 
frequency. 
At once, the frequency dependence of the transmission coefficient magnitude 
manifests some impressive discontinuous switches to different values of transmis-
sion, as the frequency increases and decreases in the resonant range for the suffi-
ciently large intensity of the incident wave. The shifting of the peak of the reso-
nance and the onset of a bistable transmissivity through the ASR structure is 
similar to that of the reflection from a Fabry-Perot cavity (Fig. 4a). However, the 
trapped-mode resonance is Fano-shaped rather than the Lorentzian, as is the char-
acteristic of 1D Fabry-Perot cavities. This Fano resonance can lead to a peculiar 
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transmission spectra and bistable behavior. In particular, the transmission reso-
nance of the ASR structure may loop back on themselves (Fig. 4b). 
 
Fig. 4. Frequency dependences of (a) the square of the current magnitude (in a.u.) averaged 
along split ring (on the logarithmic scale) and (b) the magnitude of the transmission coefficient 
in the case of the ASR nonlinear metamaterial ( 1 4 0.02iε = + , 32 5 10ε −= ×  cm2/kW). All other 
parameters are the same as in Fig. 2. 
 
Fig. 5. Magnitude of the inner field intensity (a) versus magnitude of the incident field and (b) 
the frequency dependences of the magnitude of the transmission coefficient in the case of the DR 
nonlinear metamaterial ( 1 4.1 0.02iε = + , 32 5 10ε −= ×  cm2/kW). All parameters are the same as 
in Fig. 2. 
The most appropriate form for the realization of optical switching has the spec-
tral characteristics of the DR-metamaterial [11-13]. While the dependence of the 
inner field intensity versus the incident field magnitude has the form of the S-like 
hysteresis loop (Fig. 5a), the frequency dependence of the magnitude of the trans-
mission coefficient has a sharp asymmetric Fano-shape of the spectral line where 
the transmission coefficient changes from low to high level in a very narrow fre-
quency range (Fig. 5b). Such a form of resonance is very suitable to obtain great 
amplitude of switching since there are gently sloping bands of the high reflection 
and transmission before and after the resonant frequency. 
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1.2.4 Strong Field Confinement in Bilayer-Fish-Scale System 
Another type of metamaterials which supports Fano-shape trapped-mode reso-
nances is a planar metamaterial which consists of an equidistant array of continu-
ous meandering metallic strips placed on a thin dielectric substrate (the fish-scale 
structure [19]). In this system the trapped-mode resonance appears due to a special 
form of strips, and this form is designed in view of the polarization of the incident 
field. A way to expand the functionality of such a fish-scale structure lies in the 
placement of the second grating on the back side of a thin dielectric substrate. In 
this case additional trapped-mode resonance can appear due to interaction of the 
antiphase current oscillations between two adjacent gratings [20, 21]. This con-
figuration is of particular interest in the case when the substrate is made of a field 
intensity dependent material (for example, a Kerr-type medium) because the 
strong field localization between the gratings can significantly enhance the nonlin-
ear effects. 
We consider a bilayer structure 
which consists of two gratings of 
planar perfectly conducting infinite 
strips placed on each side (z = 0, 
z = –h) of a thin dielectric substrate 
(Fig. 6). The unit cell of the struc-
ture under study is a square with 
sides dx = dy = d. The width of the 
metal strips and their deviation 
from a straight line, respectively, 
are 2 0.05w d =  and 0.25dΔ = . 
Suppose that the normally incident 
field is a plane monochromatic 
wave polarized in parallel to the 
strips (x-polarization). 
Due to the bilayer configuration of the structure under study there are two 
possible current distributions which correspond to the trapped-mode resonances. 
The first distribution is the antiphase current oscillations in the arcs of each grat-
ing. In this case the structure can be considered as a system of two coupled resona-
tors which operate at the same frequency because the gratings are identical. We 
have labeled this resonant frequency in Fig. 7 by the letter æ1. Obviously that the 
distance h between the gratings will strongly effect on the resonant frequency po-
sition since this parameter defines the electromagnetic coupling degree. The Q-
factor of this resonance is higher in the bilayer structure than that one existed in a 
single-layer structure but their similarity lies in the fact that the current magnitude 
in the metallic pattern depends relatively weakly on the thickness and permittivity 
of the substrate. 
Fig. 6. Fragment of the bilayer-fish-scale me-
tamaterial and its elementary unit cell. 
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Fig. 7. The surface current distribution along the strips in the bilayer structure composed of grat-
ings with wavy-line metal strips. 
The second distribution is the antiphase current oscillations between two ad-
jacent gratings. Similarly we have labeled this resonant frequency in Fig. 7 by the 
letter æ2. It is well known that the closer are the interacting metallic elements, the 
higher is the Q-factor of the trapped-mode resonance. Thus varying both the dis-
tance between the gratings and substrate permittivity changes the trapped-mode 
resonant conditions and this changing manifests itself in the current magnitude. 
Remarkably that in this type of current distribution the field is localized between 
the gratings, i.e. directly in the substrate, which can sufficiently enhance the non-
linear effects if the substrate is made of field intensity dependent material. 
This circumstance is depicted in Fig. 8 where typical curves of the inner field 
intensity and the transmission coefficient magnitude are given as functions of the 
frequency and the incident field intensity in the nonlinear regime. 
  
Fig. 8. The frequency dependences of (a) the inner field intensity (on the logarithmic scale) and (b) 
the transmission coefficient magnitude versus the different incident field intensity in the case of the 
nonlinear permittivity ( 21 2 | |inIε ε ε= + , dimension of Iin is in kW/cm2); ε1 = 3.0, 
ε2 = 0.005 cm2/kW; curve 1 – I0 = 1 kW/cm2, curve 2 – I0 = 200 kW/cm2, curve 3 – 
I0 = 300 kW/cm2. 
For these calculations the structure parameters are chosen in such a way that the 
both resonances are closely settled and the frequency æ1 of the first resonance is less 
than the frequency æ2 of the second one (æ1 < æ1). One can see that as the intensity 
of the incident field rises, the frequency dependences of the inner intensity magni-
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tude take a form of the bent resonances and a bistable regime occurs. An important 
point is that this bending is different for the first and second type of resonances 
due to the difference in the current magnitude changing at these two frequencies. 
Thus at the resonant frequency æ2 the magnitude of currents which flow along the 
strips of both gratings are significant, and they are greater than the magnitude of 
currents which flow nearly the resonant frequency æ1 (Fig. 8a), and, in the nonlin-
ear regime, the bending of the peak æ2 is greater than that one of the peak æ1. As a 
result, the spectral curves of the transmission coefficient magnitude experience 
different changes nearly the trapped-mode resonant frequencies. At the frequency 
æ1 the curve transforms into a closed loop that is typical for the sharp nonlinear 
Fano-shape resonances. The second resonance æ2 is smooth but it undergoes more 
distortion in the wider frequency band, and at a certain incident field intensity this 
resonance can overlap the first one (Fig. 8b). Evidently that in this case the trans-
mission coefficient has more than two stable states, i.e. the effect of multistability 
occurs. 
1.3 All-Dielectric Planar Metamaterials 
1.3.1 Trapped-Modes in All-Dielectric Arrays 
Unfortunately huge energy dissipation which is inherent to metal in the infrared 
and visible parts of spectrum results in increasing ohmic losses in plasmonic 
metamaterials [22-25] and decreas-
ing Q-factor of the trapped-mode 
resonance [5]. Moreover, the 
trapped-mode resonance com-
pletely degrades in metamaterials 
with low degree of the particle 
asymmetry. Thus, using all-
dielectric low-loss structures 
which are capable to support the 
trapped-mode excitation in the in-
frared and visible ranges is ex-
tremely good idea [26]. 
Let us consider the plane wave 
diffraction on a double-periodic 
structure which consists of two di-
electric elements within the peri-
odic cell (Fig. 9). These dielectric 
Fig. 9. Fragment of the all-dielectric metama-
terial and its elementary unit cells. 
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elements create an electromagnetic environment similar to that one existed in the 
open dielectric resonators, and, unlike structures with metallic particles, a form of 
these dielectric elements does not entail a substantial increase of the resonant 
wavelength. Note that a material with high refractive index is required for design-
ing the array of subwavelength elements to provide the resonant light interaction 
with the system. In particular, we propose to construct such elements in the form 
of two closely spaced parallelepipeds with different length or width similar to 
those ones which are shown in Fig. 9. In particular, in this figure the double-
periodic array of dielectric bars placed on a silica substrate with thickness sL  is 
presented. The unit cell of the array includes a pair of dielectric bars which have 
different length ( 1 2l l≤ , 1 2h h h= = ) or width ( 1 2h h≤ , 1 2l l l= = ) but are identi-
cal in thickness (La) and are made from the same material. The sizes of the square 
periodic cell are chosen to be identical dx = dy = d. The period cells of both struc-
tures are symmetric relative to the line drawn through the cell center parallel to the 
y-axis.  
 
Fig. 10. Wavelength dependences of the re-
flection coefficient magnitude of the metama-
terial with single dielectric bar (lines 2 and 3) 
and pair of dielectric bars (line 1) in periodic 
cell; d = 975 nm, Ls = ∞, La = h = 195 nm, 
nd = 5.5. Line 1 corresponds to bars with sizes 
l1 = 780 nm and l2 = 877 nm, line 2 corre-
sponds to bars with size l = 877 nm, and line 3 
corresponds to bars with size l = 780 nm. 
Fig. 11. Wavelength dependences of the re-
flection coefficient magnitude of the meta-
material with pair of germanium bars in pe-
riodic cell; d = 975 nm, Ls = ∞, La = h = 
195 nm, l2 = 877 nm, the germanium refrac-
tive index is nd = 4.12 which is actual for 
wavelength 1900 nm. Line 1, 2 and 3 corre-
spond to bars with sizes l1 = 877 nm, 
l1 = 838 nm, and l1 = 780 nm, respectively. 
We suppose a normal incidence of the linearly x-polarized plane waves on the 
structure. The resonant response of the array is studied in the near-infrared wave-
length range from 1000 nm to 2500 nm. The substrate is assumed to be made from 
the synthetic fused silica whose refractive index is approximately 1.44 in the wa-
velength range under consideration [27]. Refractive index of the dielectric bars is 
dn . The diffraction problem is solved numerically using the mapped PSTD me-
thod [28, 29]. 
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The wavelength dependences of the reflection coefficient magnitude of the ar-
rays with a single dielectric bar (lines 1 and 2) and a pair of dielectric bars (line 3) 
within the periodic cell are shown in Fig. 10. In this figure the arrows and Roman 
numeral I indicate the high-Q resonance which appears in the array consisted of a 
pair of dielectric bars with different length. Each dielectric bar within the periodic 
cell interacts with light like a half-wavelength open dielectric resonator and the re-
sulting field has antiphase distribution within the pair of these resonators, and, 
hence, this resonant regime can be referred to the trapped-mode excitation [6]. The 
main distinctive feature of the trapped-mode resonance in the two-element dielec-
tric array is a great red shift of its wavelength compared to the resonant wave-
lengths of the corresponding single-element arrays (see Fig. 10). This feature of 
the trapped-mode resonant regime of the proposed all-dielectric metamaterial is 
quite important in view of its possible application in the infrared and visible parts 
of spectrum. First, the ratio of the array pitch to the wavelength may be decreased 
to design more homogeneous metamaterials. Second, as the resonant wavelength 
shifts up the field confinement increases since the radiation losses decrease. Re-
markably, these behaviors are especially important when designing artificial non-
linear and gain artificial media. 
The proposed array can be made of semiconductor in the wavelength range 
where semiconductor has a transparency window. In particular, the transparency 
windows of germanium and silicon lie between 1.9 µm and 16 µm, and 1.2 µm 
and 14 µm, respectively [30]. The semiconductor interacts with light as a good di-
electric within these transparency windows. The typical value of the dissipation 
losses tangent of the mentioned semiconductors within these bands do not exceed 
310− . Also the semiconductor refractive index has extremely small variation of its 
value within the transparency windows. The germanium refractive index changes 
from 4.15 to 4.0, and silicon refractive index changes from 3.41 to 3.52, respec-
tively.  
The wavelength dependences of the reflection coefficient magnitude for the pe-
riodic array made from a pair of germanium bars in the periodic cell are shown in 
Fig. 11. One can see that both the Q-factor and the value of red shift of the 
trapped-mode resonance increase as the asymmetry of bars within the periodic cell 
decreases. The calculated Q-factors of the trapped-mode resonances are 203 and 
1080 for the structures with germanium bars having geometrical parameters 
1 780l =  nm, 2 877l =  nm and 1 838l =  nm, 2 877l =  nm, respectively (see lines 
2 and 3 in Fig. 11). These values of Q-factor are ten orders of magnitude greater 
than those ones reached in the plasmonic metamaterials. 
1.3.2 Saturation Effect in Active Metamaterial 
We have proposed a simple design of an all-dielectric low-loss silicon-based pla-
nar metamaterial [31] which can produce an extremely sharp resonant reflection 
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and transmission in the wavelength of about 1550 nm due to both low dissipation 
losses and the trapped-mode excitation. The Q-factor of the resonance exceeds in 
ten times the Q-factor of resonances in known plasmonic structures. The designed 
metamaterial is envisioned for aggregating with a pumped gain medium to achieve 
an enhancement of luminescence, and we report that in the designed metamaterial 
the essential enhancement of luminescence (more than 500 times) in a layer which 
consists of pumped quantum dots (QD) can be reached. This value significantly 
exceeds the known values of the luminescence enhancement in known plasmonic 
planar metamaterials [32]. 
The model of a gain nonlinear medium assumes the introducing negative fre-
quency dependent conductivity in the form: 
0
2 2 2 2
0
(1 )1( )
1 (1 ) 2s
i
I I i
σ ωτσ ω ω τ ωτ ω τ
+= ⋅+ + + − , (9) 
where ω0 = 1.26×1015 s–1 corresponds to the wavelength λ0 = 1550 nm, 
τ = 4.85×10−15 s, εQD = 2.19 corresponds to the refractive index nQD = 1.48 of the 
non-pumped quantum dot laser medium, and σ0 = –500 Sm/m corresponds to an 
emission factor tgδe = –0.021 by analogy with a lossy factor of media. Small value 
of τ  results in a wide-band QD spectral line and enables us to exclude from con-
sideration the effects caused by displacement of metamaterial dissipation peak and 
maximum of exciton emission line of QDs. Let us notice that the pump level (σ0) 
is in one order of magnitude less than it is needed in the case of plasmonic meta-
materials because there is a low degree of losses in the all-dielectric array. The 
factor 1(1 )sI I
−+  allows us to consider the effect of the luminescence enhance-
ment of the gain saturation effect which is inherent to the active media. Here the 
parameter Is is proportional to the saturation intensity and displays the effect of in-
version population reducing in the gain medium by simulated emission. It is pro-
portional to the maximum of the internal field (I). The saturation factor 
1[(1 ) ]sI I
−+  is calculated separately for each point of the spatial grid which takes 
into account the heterogeneity of the QD layer. We should note that the small val-
ue of an emission factor results in independence of the QD refractive index on the 
saturation factor. Thus the effect of saturation versus the luminescence enhance-
ment of QD layer hybridized with the all-dielectric metamaterial can be consid-
ered under this model. 
The diffraction approach proposed in [31] is further used to calculate the lumi-
nescence enhancement in the QD layer hybridized with the all-dielectric metama-
terial. This approach consists of evaluation of considered structure luminescence 
through the difference of the energy dissipation in the passive and active (pumped) 
structure. The dissipation energy is calculated from the solution of the correspond-
ing diffraction problem for the separate plane wave. The luminescence enhance-
ment equals to the ratio of the luminescence of the hybridized structure to the lu-
minescence of the 210 nm homogeneous QD layer placed on 50 nm silica 
16  
substrate. The wavelength dependences of the luminescence enhancement of the 
QD layer hybridized with the all-dielectric metamaterial for different values of the 
saturation intensity are shown in Fig. 12. The reducing of the luminescence en-
hancement with decreasing of the saturation intensity can be explained by exciting 
strong local field in the hybridized structure which results in the saturation factor 
decreasing. The distribution of the saturation factor in cross section (z = –155 nm) 
is depicted in Fig. 13. One can see the burning holes appearance in the distribution 
(see dark areas in Fig. 13). The energy of optical pumping within these holes is 
completely spent by simulated emission. The effect of gain saturation does not 
strongly affect on the photoluminescence in the system but it needs to be taken in-
to account when designing optical amplifiers and lasing spacers. 
 
Fig. 12. The wavelength dependences of the 
luminescence enhancement (in a.u.) of the QD 
layer hybridized with the all-dielectric meta-
material for different value of Is. 
Fig. 13. The distribution of saturation factor 
in the cross section z = –155 nm; 
λ = 1553 nm, Is = 0.4. 
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